This result is surprisingly difficult to prove. It is non-trivial even when dM is connected. The result is of some interest in its own right, but it has also been used by Brin and Thickstun in their work on open 3-manifolds whose ends are semi-stable. If M is assumed to be orientable and irreducible as well as being compact and TP, then our conclusion easily implies that M is a compression body, i.e. M consists of F X / with some 2-handles and 3-handles attached to F X 1. If one assumes that M is orientable and hyperbolic this result has been proved by Marden and Maskit. See the lemma in §2 of [M-M] in the case p = 1. Interestingly, their arguments are analytic and completely different from our arguments.
A natural generalisation of the above is obtained by considering a 3-manifold M with a subsurface B of dM such that any loop in M is homotopic into B. We will say that such a manifold M is totally peripheral relative to B. We show that if M is a compact, orientable 3-manifold and if B is a compact subsurface of dM such that M is TP rel. B, then there is a component C of B such that the natural map π λ (C) -> 7r λ (M) is surjective. Our proof uses our earlier results on TP manifolds. In the non-orientable case, there are essentially two counterexamples. This result has also been used by Brin and Thickstun in their work on bounded 3-manifolds with semi-stable ends.
In §1, we deal with the case of orientable manifolds which are TP, and in §2, we handle the non-orientable case. In §3 and §4, we consider the case of a manifold which is TP rel B using the results of the first two sections.
Proof. First we suppose that F is two-sided in M. Now any loop in M can be freely homotoped into dM. In particular, any loop in M can be homotoped to be disjoint from F. It follows that F separates M and that any element of ^(M) = ^(Mj)* (7Γ) π 1 (M 2 ) is conjugate into ^(M^ or π λ (M 2 ) . Hence the natural map ir^F) -» flχ( Aί,.) must be an isomorphism, for i = 1 or 2.
If F is one-sided in M, we let N denote a regular neighbourhood of F in M. As M is TP it follows that N is also TP, by Lemma 1.2. But TΓ^ΘJV) is a normal subgroup of π^N) of index two and so N cannot be TP. This contradiction completes the proof of Lemma 1.3.
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The main part of this section is the proof of the following result. Before proving this, we explain how Theorem 1.1 follows.
Proof of Theorem 1.1 assuming Theorem 1.4. Let M be a compact, orientable 3-manifold which is TP. Any compact 3-manifold M is a connected sum of prime manifolds M i [Kn] and Lemma 1.3 shows that all the summands except one are simply connected. Clearly, it suffices to consider the case when M itself is prime. Now M cannot be S ι X S 2 as M must have boundary. Hence M must be irreducible [He] . If dM is injective in M, then Theorem 1.4 tells us that M is the 3-ball or Σ X /, and, in either case, there is a component
If dM is not injective, we can find a finite collection of disjoint embedded 2-discs in M such that removing the interior of a regular neighbourhood of these discs from M yields a manifold X with dX injective in M. Lemma 1.3 shows that each component of dXΊs a 2-sphere or is parallel to a component of 3M. Now the fact that M is TP implies that each component of X is TP, by Lemma 1.2, and so Theorem 1.4 implies that each component of X is a 3-ball or Σ X /, where Σ is a closed surface. If a component X ( of X is homeomorphic to Σ i X /, the fact that Σ, X 0 is parallel to a component C of dM implies that X i is a collar neighbourhood of C. We deduce that M is obtained from X by attaching 1-handles in such a way that for each component X t of X of the form Σ i X I, all the 1-handles are attached to one component of dX r If we let F denote the unique component of dX which is obtained from the connected sum of all the Σ/s then the natural map ir x (F) -> ^(M) is surjective, completing the proof of Theorem 1.1. Now we return to the proof of Theorem 1.4 which we re-state for convenience. is also boundary-irreducible but is not parallel to a surface in dM. It follows from Lemma 1.3 that F cannot be closed. Our first step will be to show that F must be an annulus.
Let N denote the manifold obtained from M by cutting along F. Of course, N need not be connected. However, each component of N is Haken. The boundary of TV contains two copies of F which we denote L λ and L 2 and we write L = L x U L 2 . We let W denote dN with the interior of a regular neighbourhood of dL removed. Note that W is injective in N. We will consider the characteristic submanifold [Jo] [J-S] of the pair (N, W) . Our hypothesis that M is TP implies that given a loop λ on F, there is a homotopy Λ: S 1 X / -» AT, with Λ o = λ and Λ^S 1 ) c dM. We can homotop Λ transverse to F and then alter Λ until A~\F) becomes a union of circles essential in S ι X /. We use the incompressibility of F in M to eliminate inessential circles from A~ι(F) and use the boundary-irreducibility of F in M to eliminate any arcs from A~ι (F) . We obtain a homotopy Λ: S 1 X / -> M with Λ o = λ and Λ^S 1 ) c3M-dF. Now A~ι(F) cuts S ι X I into sub-annuli. We can further homotop Λ so as to eliminate any of these annuli which are homotopic into F fixing their boundary. We conclude that either λ is homotopic in F to a component of dF or that λ lies at one end of an essential (singular) annulus in the pair (N 9 
W).
If F is not an annulus, we can certainly find a loop λ on F not homotopic into dF. The above paragraph shows that if λ x and λ 2 are the corresponding loops in L x and L 2 respectively, then λ ι or λ 2 lies in the characteristic submanifold V of the pair (N 9 W). For each /, V Π L t is an incompressible subsurface of L t (possibly not connected). We claim that V must contain L x or L 2 . A nice way to show this would be to show that there is a loop λ on F which is not homotopic into any proper, incompressible subsurface of F. However, we do not know of a reference for the existence of such a loop. A much simpler argument which will suffice is to observe that if a λ and a 2 are simple non-peripheral loops on F, then there is a loop β on F which cannot be homotoped to be disjoint from either α 1 or a 2 . If a x and a 2 are disjoint, this is easy. If they intersect, then we choose β to represent either g λ g 2 or g λ g 2 ι , where
, we find such loops a τ and a 2 on F and then find a loop β on F such that /?, cannot be homotopic into V Π L /? for / = 1 and 2. This contradiction shows that V must have a component U which contains L x or L 2 or both.
If U contains L λ and L 2 , then U must be a product L X X I and M must be a bundle over S 1 with fibre F. However, the assumption that M is totally peripheral forces F to be an annulus which contradicts our assumption on F. To see this, let M F denote the infinite cyclic regular covering of M with π λ {M F ) = π^F). Of course, M F is homeomorphic to F X R. We let /?: M F -> F denote the natural projection. Now let λ be any loop on F, and let Λ: S 1 X / -> M be a homotopy between λ and a loop in 3M. There is a lift Λ of Λ into M F and /?oΛ:5 rl X/-»i 7 isa homotopy between λ and a loop in dF. As λ was any loop on F, we deduce that F is an annulus as claimed.
We will suppose that U contains L λ and not L 2 . Now U must be an /-bundle with L λ being a component of the 3/-bundle. We note that F separates M and that U is one of the components of TV. If U is a trivial /-bundle, then Z 7 is a parallel to a subsurface of dM contradicting our choice of F. If U is a non-trivial /-bundle, then there is a loop in U which cannot be homotoped into 3M, as in the proof of Lemma 1.3. This contradicts our hypothesis that M is TP.
We conclude from the preceding paragraphs that F must be an annulus. Now we can show that M must be a product Σ X /. The fact that M is TP implies that the pair (TV, L) satisfies a condition which we call relatively TP. We will prove this in Lemma 1.5 below.
As this point, we will assume that F is non-separating so that TV is connected. We consider the case when F separates M at the end of our proof. Let N denote the universal covering of N and let L denote the pre-image of L. Then the pair (TV, L) is also relatively TP. As L and dN -L are injective surfaces in TV it follows that each component of L is an infinite strip homeomorphic to R X / and that each component of 37V -L is simply connected. Choose a component C of L. As C has only two boundary components, C can meet only two components X and Y of 37V -L. Possibly Xand Fare equal.
Let g be any element of v λ (N) and consider its action on TV. Let λ be a path in TV joining C to gC. As (TV, L) is relatively TP, we know that λ is homotopic in (TV, L) to a path μ in (3TV -Z, L). Thus μ lies in one component of 3 TV -L. As C meets only the components X and Y, we deduce that μ lies in X or Y. Also as gC meets only the components gX and gY, we deduce that μ lies in gX or gY. Hence we must have one of X or Y equal to one of gX or gY. It follows that π λ (N) can be expressed as a union of cosets of Stab( X) and Stab(Γ), with at most four cosets being used. Now a theorem of Neumann [N] asserts that if a group G can be expressed as a finite union of cosets of subgroups C l9 ... 9 C n of G, then some C ι has finite index in G. Suppose that Stab(X) is of finite index in iΓι (N) and let K denote the image of X in dN. Then either π λ (N) 
where V is a surface and V X I denotes a non-trivial /-bundle over V. (See, for example, Theorem 10.5 of [He] .) If π^N) = Z, then the fact that any loop in JV is homotopic into 37V -L implies that the pair (N, K) is again homeomorphic to (K X /, K X 0). In each case, it follows that M is an /-bundle over some surface Σ. As dM is incompressible, Σ must be closed, and the fact that M is TP implies that this /-bundle is trivial, by Lemma 1.3. Hence M is Σ X / as required.
At this point, we have completed the proof of Theorem 1.4 when F is non-separating in M. If F separates M, we apply the above argument to the two components of N and show that each component is an /-bundle. Then it follows that M is also an /-bundle and hence must be Σ X /. This completes the proof of Theorem 1.4, apart from providing the promised proof that the pair (TV, L) is relatively TP. REMARK. Note that N need not be connected.
Proof. We let λ be a path in (N, L) .
In this case, F must be non-separating and TV is connected. We homotop the ends of λ in L until λ gives a loop λ in M. As M is TP, λ is homotopic into 3M. So we have a homotopy Λ: S ι X / -» M with Λ o = λ, and A^S 1 ) c dM. As before, we can use the incompressibility of F in M to remove any inessential circles from A~ι(F) and we can also use the boundary-irreduciblity of F in M to remove any arcs from Λ" 1 (/ 7 ) which have both endpoints in S 1 X 1. As ΛQ 1 (/ 7 ) is a single point, it follows that A~1(F) must be a single arc joining S 1 X 0 to S 1 X 1. Now Λ yields the required homotopy of λ into (dN -L, L). (N, L 2 ) which is not homotopic into L 2 . We let λ denote the loop λ U μ. As in Case 1, we can obtain a homotopy Λ: S 1 X / -» M with Λ o = λ, A^S 1 ) c dM and A~\F) contains no inessential circles and no arcs with both endpoints in S 1 X 1. Now Λ" 1 (JP) cannot contain an arc with both endpoints on S 1 X 0, because then λ or μ would be homotopic into L λ or L 2 . Hence A~λ(F) must consist of two arcs joining S ι X 0 to S 1 X 1. As before, Λ now yields the required homotopy of λ into (dN -L, L) . This completes the proof of Lemma 1.5.
2. The Non-orientable case. In this section we will prove the analogue of Theorem 1.1 for the nonorientable case. There is essentially only one exceptional case and we describe this before stating our precise result. EXAMPLE 2.1. Let T denote the torus S ι X S ι . Thus we can give coordinates (z l9 z 29 t) to a point of T X /, where z λ and z 2 are unit complex numbers and t is real, 0 < t < 1. Let T: Γ X / -> ΓX/be the involution given by τ(z l9 z 2 , t) = (z v z 2 ,l -t). Thus r has four fixed points. Let M denote the manifold obtained from T X / by removing the interiors of four disjoint 3-balls centred on the fixed points of r and let M denote the manifold M/τ. We claim that M is totally peripheral, but there is no component F of dM with π^F) -> π λ (M) surjective.
By construction, dM consists of a torus T and four projective planes, and π x (T) is a subgroup of π^M) of index two. So clearly there is no component F of dM with π λ (F) -» π λ (M) surjective. To see that M is totally peripheral, one simply needs to know that every element of π τ (M) -π λ (T) has order two and that these elements fall into four conjugacy classes. If we let u denote an element of ^(Af) -ir^T) of order two and g denote any element of ^(Γ), the gu also has order two. This is because u~ιgu = g" 1 by construction of our involution T. One can also show easily that gu is conjugate to u if and only if g is a square in iΓι(T) 9 so that if a and b form a basis of π τ (T), the conjugacy classes of elements of order two in π λ (M) are represented by /, at, bt and abt. Now we can state our result in the non-orientable case. Thus dM consists of one copy of Σ and some 2-spheres and projective planes. As ^(Σ) is a normal subgroup of TΓ^M), no element of ^(M) -^(Σ) can be conjugate into ^(Σ). As M is totally peripheral, we deduce that every element of π^M) -^(Σ) has order two. Let t be an element of ^(Λf) -^i(Σ) and let g e TΓ^Σ). The fact that gt also has order two implies that tgt~ι = g" 1 . Hence conjugation by t of ^(Σ) induces an automorphism of TΓ^Σ) which inverts every element. It follows that ^Ί(Σ) must be abelian. Hence Σ is a torus. Now one can show easily that M is as described in Theorem 2.2.
THEOREM 2.2. Let M be a compact ^-manifold which is totally peripheral. Then either there is a component F of dM such that the natural map π λ (F) -» π λ (M) is surjective or M is of the form (M
3. The general result in the orientable case. Recall that if M is a 3-manifold and B is a surface in dM, then M is totally peripheral relative to B, if any loop in M is freely homotopic into B. We have results and counter examples which are very similar to those obtained for the absolute case when B equals ΘM. The main result is the following. REMARK. Without loss of generality, we can assume that B is injective in dM.
We need a preliminary result which corresponds to Lemma 1.2 in the absolute case.
LEMMA 3.2. Let M be a 3-manifold and B a subsurface of dM such that M is TP rel B. Let Xbe a 3-dimensional submanifold of M {whose boundary may meet dM), such that X Π B is empty and the frontier of X in M is an injective surface embedded in M. Then X is TP rel fr X.
Proof. This is the same as the proof of Lemma 1.2. If λ is a loop in X, and Λ is a homotopy of λ into 2?, we homotop Λ transverse to the frontier of X and remove any inessential circles of A -1 (fr X). Now some sub-annulus of Λ defines the required homotopy of λ into fr X.
As in §1, we first consider the following special case of Theorem 3.1.
THEOREM 3.3. Let M be a compact, orientable, irreducible 3-manifold and let B be a compact subsurface of dM, such that M is TP rel B and B is injective in M. Then either M is a 3-ball and B equals dM or there is a component C of B such that the pair (M,C) is homeomorphic to (C X /, C X 0).
Proof. Suppose that dM is injective in M. As M is TP, Theorem 1.4 shows that M is the 3-ball or is a product Σ X /, where Σ is closed and not S 2 . In the first case, the result we want is clear, so we assume that M is Σ X /. Let B i denote B Π Σ X {/}, for / = 0,1, and let p: Σ X / -> Σ denote the natural projection. As M is TP rel 2?, any loop on Σ is homotopic in Σ into one of the subsurfacesp(B x ) orp(B 2 ). It follows that either p(B τ ) or p(B 2 ) equals Σ. For othewise, we can let a t be a boundary component of p (B t ) and use the fact that there is a loop β on Σ which cannot be homotoped to be disjoint from a λ or a 2 to obtain a contradiction. Hence either B x or B 2 is the required component C of B.
We are left with the case when dM is compressible in M. Thus there is a 2-disc D embedded in M which splits π x (M) non-trivially as a free product. Note that dD cannot lie in B as B is injective in M. Note also that dD must meet 32?, because there are loops in M which cannot be homotoped to be disjoint from D and yet any loop in M is homotopic into B. Now we argue as at the end of the proof of Theorem 1.4. Let N denote M cut along 2), let L denote the union of the two 2-discs L λ and L 2 in dN corresponding to D and let
It is also easy to show that N is TP rel W.
At this point, we will assume that iV is connected, and will consider the case when D separates M at the end of our proof. Let N denote the universal covering of N and let W and L denote the pre-images of W and L. Choose a component L o of L and let X l9 ... 9 X n denote the components of W which meet L o . For any element g of π^N), consider an arc in N joining L o and gL 0 . As any arc in (N 9 L) is homotopic in (N 9 L) into (W 9 W Π L), we see that there are integers / andy such that gX t = X JU It follows that π λ (N) is the union of finitely many cosets of the subgroups Stab(JQ). Hence, by Neumann's result [N] , some Stab(JQ is of finite index in π^N). Let K denote the component of W in dN covered by this X r Then (see, for example, Theorem 10.5 of [He] ), either π τ (N) = Z or the pair (TV, K) is homeomorphic to (K X /, K X 0) or to (V X /, V X 3/) for some surface V. We claim that the pair (TV, K) cannot be of the form (V X /, V X 3/). For if this were the case then W would consist of the disjoint union of K and of some annuli parallel to dK. The fact that N is TP rel W would imply that N is TP rel K and hence that any element of iΓι (N) is conjugate into π λ (K) . As π γ (K) is a proper normal subgroup of 77 1 (iV), this is a contradiction. A similar argument shows that if π x (N) = Z, then π λ (K) must equal π-^iV), so that, in all cases, the pair (N, K) is homeomorphic to (K X /, K X 0).
Let K v ...,K n denote the components of W such that the natural map π^Kj) -> ^Ί(JV) is an isomorphism. Lemma 3.4 below shows that there is an arc λ in N joining L λ to L 2 such that λ is not homotopic in (TV, L) into any component of W other than K l9 ... ,K n . Let λ denote the corresponding loop in M. We know that λ is homotopic to a loop μ in B and earlier arguments show that this homotopy can be chosen to induce a homotopy of λ to an arc μ of W. Our choice of λ implies that μ lies in some K t . It follows that when we glue L x to L 2 to form M, some arc of 3^ is glued to another arc of dK { . Let C be the component of B which contains this K ( . Then clearly the natural map ^(C) -> π τ (M) is surjective. As B is injective in M, the relative A-cobordism theorem [He] implies that the pair (Af, C) is homeomorphic to (C X /, C X 0) as required.
Apart from the proof of Lemma 3.4, this completes the proof of Theorem 3.3 on the assumption that D fails to separate M. If D separates M into manifolds N' and N", we let 1/ and L" denote the copies of D in dN f and dN" respectively and let W and W" denote 5 Π W and JB Π JV". The arguments above show that there is a component K f of W such that the pair (N\ K') is homeomorphic to (K f X /, ίΓ X 0), and a component K" of W" such that the pair (N", K") is homeomorphic to {K" X /, K" X 0). It follows that N is a handlebody and hence that we can always find a non-separating disc D in N. The final step in the proof of Theorem 3.3 is a proof of the following result. REMARK. Note that n < 2, unless π τ (N) is trivial or Z.
Proof, First note that if N is simply connected, then W = UjLxϋT,-, so that the result is trivial. Now suppose that N is not simply connected and choose the product structure on N so that W -K λ lies in K λ X 1, where K x is identified with ^XO. Le p: K X X I -* K λ denote the natural projection. Then there is an essential simple loop σ in K x which meets no component of p(W) other than K l9 p(K 2 ),... ,ρ(K n ). Let V denote the annulus σ X / in K x X /. Thus V is an essential annulus in N which meets no component of W other than the JSΓ/s. By choosing σ transverse to dL τ and 3L 2? we can ensure that V Π L i consists of a finite number n t of arcs, for i = 1 and 2.
Suppose that any arc λ joining L x to L 2 is homotopic in (N 9 L) into a component of Wother than K l9 ... ,K n , and let μ denote a loop in N. We can homotop μ so that μ is the union of two sub-arcs μ λ and μ 2 each joining L x to L 2 , Let λ x and λ 2 be arcs in W homotopic in (N 9 L) to μ λ and μ 2 and not lying in K l9 . ..,K n . Thus, in particular, λ,. Π Vis empty. The loop μ in N can be homotoped to be the union of four sub-arcs μ l9 μ 2 and p l9 v 2 where each v t lies in L . Further each v t can be chosen to meet V in at most n i points. It follows from our hypothesis at the start of this paragraph that any loop in N can be homotoped so as to meet V in at most {n x -h n 2 ) points. But this is impossible, for the essentiality of Fin N implies that there is a loop μ in N which cannot be homotoped disjoint from V 9 and then, for all n, the loop μ n must meet Fin at least n points. This contradiction completes the proof of Lemma 3.4. Now we can prove Theorem 3.1.
Proof of Theorem 3.1. Again we follow closely the arguments of §1. First, it suffices to consider the case of Theorem 3.1 when M is irreducible. Thus if B is injective in M 9 Theorem 3.3 yields component C of B such that π^C) -> ^(M) is surjective, as required.
attached. Hence any edge of Γ with Z 2 attached can be contracted and, by repeating, we conclude that Γ can be chosen so that all edge groups are trivial. Thus π x ( Af) is a free product of the form (* [ =1 Z 2 ) * F n , where F n denotes the free group of rank n. Note that π λ (C) is the kernel of a map iΓι(M) -> Z 2 which injects each Z 2 subgroup.
We claim that because π λ (M) -TΓ^C) contains only a finite number of conjugacy classes of primitive elements of infinite order, π λ {M) must be Z, Z 2 or Z 2 *Z 2 . For if π^M) had three Z 2 -factors, we denote the generators of the factors by a, b and c and consider the elements a(bc) n of Z 2 *Z 2 *Z 2 to obtain a contradicton. If ^(M) had a Z and a Z 2 factor we denote the generators by a and b respectively and consider the elements a 2n b to obtain a contradiction. Finally if π λ (M) is free with basis a v ... ,a n , some a i must lie in π^M) -π^C). Hence if n > 2 and a 2 lies in π λ (M) -flχ(C), we can consider the elements a\ n a 2 to obtain a contradiction.
If π λ (M) is cyclic, it is trivial that there is a component C of B such that ^(C) -> iTι(M) is surjective. For a loop representing a generator of 77 1 (M) can be homotoped into JS. Hence π^M) must be Z 2 *Z 2 and it follows easily that M is of the form {M X #M 2 ) U M 3 where M x is as described in Example 4.1 and M 2 , M 3 are as described in Theorem 4.2. 
